We calculate the cb mass spectrum, the splitting values and some other properties in the framework of the semi-relativistic equation by applying the shifted large-N expansion technique. We use seven different central potentials together with an improved QCD-motivated interquark potentials calculated to two loops in the modified minimal-subtraction M S scheme. The parameters of these potentials are fitted to generate the semi-relativistic bound states of cb quarkonium system in close conformity with the experimental and the present available calculated center-of-gravity (c.o.g.) data. Calculations of the energy bound states are carried out up to third order. Our results are in excellent fit with the results of the other works.
I. INTRODUCTION
The spectroscopy of the cb system have already been widely studied before in the framework of the heavy quarkonium theory [1] . After discovery of the B c was reported in 1998 by the (CDF) collaboration [2] , the observed mass M Bc = 6.40 ±0. 39 ±0. 13 GeV has inspired new theoretical interest [1, [3] [4] [5] [6] [7] [8] [9] . Bound state masses have been estimated for the B c system which consists of heavy quarks [1, [3] [4] [5] [6] [7] [8] [9] . Hence, it can be reliably described by the use of the methods developed for the cc and the bb spectra.
Quite recently, the revised analysis of the B c spectroscopy has been performed in the framework of the potential approach [1, 4, 7, 9] and QCD sum rule [3, 6] . Kwong and Rosner [7] predicted the masses of the lowest cb vector (triplet) and pseudoscalar (singlet) states using an empirical mass formula and a logarithmic potential. Eichten and Quigg [1] gave a more comprehensive account of the energies and properties of the cb system that was based on the QCD-motivated potential of Buchmüller and Tye [10] . Gershtein et al. [8] also published a detailed account of the energies and decays of the cb system using a QCD sum-rule calculation. Baldicchi and Prosperi have computed the cb spectrum based on an effective mass operator with full relativistic kinematics [6] . Moreover, they have fitted the entire quarkonium spectrum. Fulcher et al. [4] extended the treatment of the spin-dependent potentials to the full radiative one-loop level and thus included effects of the running coupling constant in these potentials. He also used the renormalization scheme developed by Gupta and Radford [11] . Very recently, we have applied the shifted large-N expansion technique (SLNET) [12] [13] [14] to study the cb system in the context of Schrödinger equation [9] .
In this work, we choose a group of seven central potentials [1, [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] with a strong coupling constant α s to fit the spectroscopy of the present spin-averaged energies of the existing quarkonium systems. We insist upon strict flavor-independence of their parameters. We also extend this study to an improved QCD-motivated interquark potential calculated to two loops in the modified minimal-subtraction MS scheme [25, 26] . Such a potential contains an expansion to α s to at least 2-loop order and use of nontrivial methods in the interpolation between long-distance (string constant) and short-distance behaviors [10] .
Since one would expect the average values of the momentum transfer in the various quark-antiquark states to be different, some variation in the values of the strong coupling constant and the normalization scale in the spin-dependent should be expected.
In order to minimize the role of flavor-dependence, we use the same values for the coupling constant and the normalization scale for each of the levels in a given system and require that these values be consistent with a universal QCD scale.
The contents of this article will be as follow: In section II, we present the solution of the spinless Salpeter equation using the SLNET for the cb Salpeter spin-averaged binding energies. Section III presents the proposed phenomenological central and the QCD-motivated potentials. Summary and conclusions are presented in section IV.
II. WAVE EQUATION
The relativistic wave Salpeter equation [14] is constructed by considering the kinetic energies of the constituents and the interaction potential. The spinless Salpeter (SS) for the case of two particles with unequal masses m q and m Q , interacting via a spherically symmetric potential V (r) in the center-of-momentum system of the two particles is given by
where the kinetic terms involving the operation −∆ N + m 2 i are nonlocal operators and ψ(r) = Y ℓ,m (θ, φ)R n,l (r) denotes the Salpeter's wave function. For heavy quarks, the kinetic energy operators in Eq. (1) can be approximated, (cf. e.g., Jaczko and Durand of Ref. [27] ),
where µ = mqm Q mq+m Q denotes the reduced mass and η =
. µ is a useful mass parameter. This SS-type equation retains its relativistic kinematics and is suitable for describing the spin-averaged spectrum of two bound quarks of masses m q and m Q and total binding mass M(qQ). The Hamiltonian containing the relativistic corrections up to order (v 2 /c 2 ) is called as the generalized Breit-Fermi Hamiltonian (cf. e.g., Lucha et al. of Ref. [21] ). Therefore, the spinless Salpeter equation can be written (in units = c = 1) [14] −
where E n,l = M n,l (qQ) − m q − m Q refers to the Salpeter quark binding energy with M n,l (qQ)
is the semirelativistic-bound-state masses of the non-self-conjugate atomlike meson such as cb meson and ∆ N = ∇ 2 N . 1 Furthermore, in order to obtain a Schrödinger-like equation, the perturbed term in Eq. (3) is treated using the reduced Schrödinger equation [29] 
with p 4 = ∆ 2 N , and consequently one would reduce Eq. (3) to the Schrödinger-type form [14] −
Further, the N−dimensional space operator in the spherical polar coordinates is
with L 2 N −1 = l (l + N − 2) . After employing the following transformation
and proposing the shifting parameter k = k − a with k = N + 2l, one obtains [14] ∆
and
Thus, using Eqs (7) and (8) and after a lengthy manipulation but straightforward, we may write Eq.(5) in more simple and explicit form as
with
and the effective mass
It is worthwhile to note that the expression (10) is in complete agreement with the expansion formula made by Durand and Durand in Ref. [27] . The perturbation term, W n,l (r) 2 ; that is, (v 2 /c 2 ) term in Eq. (10) is significant only when it is small (i.e., W n,l (r)/m ′ ≪ 1). This condition is verified by the confining potentials used to describe heavy−quark systems except near the color−Coulomb singularity at the origin, and for r → ∞. However, it is always satisfied on the average as stated by Durand and Durand [27] . We now proceed to solve Eq. (10) by applying the SLNET, obtaining an exact result in series for the energy [12] [13] [14] .
This is a fundamental feature that allows one to attack problems that do not involve small coupling constant or Hamiltonians without a solvable strong term. Such an approximation has been used for the solution of nonrelativistic as well as relativistic wave equations with spherically symmetric potentials [12] [13] [14] yielding sufficiently accurate results. Imbo et al. [12] showed the high accuracy and the applicability of this method to a large number of spherically symmetric potentials. In the SLNET [9] it is convenient to shift the origin of coordinates to r = r 0 (or x = 0) by defining
Expansions about this point in powers of x and k yield [9, 13, 14] 1
and also
Further, by substituting Eqs. (14) through (16) into Eq. (10), one gets − 1 4µ
with the eigenvalues
The parameter Q is an arbitrary scale, but is to be set equal to k 2 to rescale potential after the problem is solved formally in the 1/k expansion. Thus comparing Eqs. (17) and (18) with its counterpart Schrödinger−like equation for the one−dimensional anharmonic oscillator problem which has been investigated in detail for spherically symmetric case by
Imbo et al. [12] . The final analytic expression in the 1/k expansion of the energy eigenvalues appropriate to the SS particle is
but n r is to be set equal to 0, 1, 2, · · · . The quantities β (1) and β (2) appearing in the correction to the leading order of the energy expression are defined and listed in the Appendix A.
Thus, comparing the terms of Eq. (18) with their counterparts in Eq. (19) and equating terms of same order in k yields the leading energy [14] 
where m µ = µ/m ′ and r 0 is chosen to minimize the leading energy, Eq. (20) , that is, [9, [13] [14] dE 0 dr 0 = 0 ;
Therefore, r 0 satisfies the following expression
Further, to solve for the shifting parameter a, the next contribution to the energy eigenvalue is chosen to vanish, (i.e., E 1 = 0),(cf. e.g. Refs. [9, [12] [13] [14] ), which gives
where ω is given by
and Q in Eq. (22) can be rewritten in a more convenient form as
Therefore, solving Eqs. (23) through (26) together with Q = k 2 , yields
which is an explicit equation in r 0 . Once r 0 is determined via Eq. (27), E 0 can be obtained via Eq. (20), E 2 and E 3 are also obtained by solving Eqs. (18) and (19) . Consequently, the general expression for the quark binding energy is E n,l = E 0 + 1
which is an elegant algebraic expression that gives a rapidly convergent binding energy value with high accuracy. Now, in the framework of our semi-relativistic independent particle model the mass levels for an atomlike qQ meson where a light quark q is moving around an almost fixed heavy anti-quark Q, the Salpeter bound-state mass can also be easily obtained from the expression of quark binding energy (28) as
Here, of course, we do not consider the recoil effects of the heavy anti-quark Q. Finally, making use of Eqs. (27) through (29), one can resolve Eq. (10) for different types of central potentials taking into account the spin dependent terms V SD as correction terms to the static potential. We also consider a common parameter set for the upsilon and charmonium mass spectra in a flavour-independent case.
.
III. SOME POTENTIAL MODELS
A. Static potentials
The cb system that we investigate in the context of SS wave equation is often considered as nonrelativistic system, and consequently our treatment is based upon Salpeter equation with a Hamiltonian
where
the perturbation term and V SD is the spin-dependent term [1, 4, 9, 21] given by 2 We consider now a class of static potentials of general form 
This class of potentials, in the generality (33) , comprises the following family of potentials:
Cornell potential
The QCD-motivated Coulomb-plus-linear potential (Cornell potential) has the form [24] V
The main drawback of this potential is that the cc and bb states lie in an intermediate 
Song-Lin potential
This phenomenological potential was proposed by Song and Lin [16] V SL (r) = −Ar −1/2 + Br 1/2 + C 0 ,
with A = 0.923 GeV 1/2 , B = 0.511 GeV 3/2 , C 0 = −0.760 GeV, m c = 1.820 GeV, and m b = 5.190 GeV. The characteristic features of this potential may be traced in Ref. [16] .
Turin potential
Lichtenberg et al. [17] suggested such a potential which is an intermediate between the
Cornell and Song-Lin potentials. It has the simple form
with A = 0.620 GeV 
is labeled as Martin's potential [19] with m c = 1.80 GeV and m b = 5.162 GeV.
b. Power-law potential of Rosner et al. [20.22] :
with γ = −0.12, m c = 1.56 GeV and m b = 4.96 GeV. [21, 22] A Martin's power-law potential reduces [19] into V L (r) = −0.6161 GeV + (0.733 GeV) ln(r × 1 GeV),
Logarithmic potential of Quigg and Rosner
with m c = 1.50 GeV and m b = 4.890 GeV. The potential forms in (38) , and (40) were used by Eichten and Quigg [1, 21] . Further, all of these potential forms were also used for ψ and Υ data probing 0.1 fm < r < 1 fm region [15] . 
Here n f is the number of flavors with mass below µ and γ E = 0.5772 is the Euler's number.
The renormalization scale µ is usually chosen to be 1/r to obtain a simple form for V (r).
The singularity in α s (1/r) at r = 1/Λ M S = 5 GeV −1 ≈ 1 fm for Λ M S = 200 MeV. This singularity can be removed by the substitution
The constant b 0 is an adjustable parameter of the potential and will not affect the perturbative part of the potential. Hence, setting n f = 4 and n f = 5 in Eq. (43), the one-gloun exchange part of the interquark potential simply take the following two forms
and V (n f =5)
respectively, where f (r) is the function given in Eq. (44). Further, the long distance interquark potential grows linearly leading to confinement as
Igi and Ono [25] proposed a potential whose general form
so as to interpolate smoothly between the two parts. They added phenomenologically a term d 0 re −g 0 r to the potential so that to adjust the intermediate range behavior by which the range of Λ M S is extended keeping linearly rising confining potential. Hence, the Λ M S = (100, 500) MeV keeping a pretty good fit to the cc and bb data.
Improved Chen-Kuang potential
Chen and Kuang [26] proposed two improved potential models so that the parameters in Ref. [26] all vary explicitly with Λ M S so that these parameters can only be given numerically
for several values of Λ M S . Such potentials have the natural QCD interpretation and explicit Λ M S dependence both for giving clear link between QCD and experiment and for convenience in practical calculation for a given value of Λ M S . This potential takes the general form
where the string tension is related to Regge slope by κ = 1 2πα´. The function f (r) in Eq. (49), takes the general form
and The details of this potential can be traced in Ref. [26] .
IV. SUMMARY AND CONCLUSIONS
We have solved numerically SS wave equation, Eq. and for the sake of comparison, we have neglected the variation of α s with momentum in (32) to have a common spectra for all states and scale the splitting of cb and bb from the charmonium value. In our calculations for the hyperfine nsplitting values of the cb spectrum, we have followed the same approach of Ref. [9] in fitting the QCD coupling constant α s . It has been stated the possibility of producing cb mesons in e + e − and hadron-hadron colliders [31] [32] [33] [34] . We have used the coupling constant in our analysis in the range 0.185 ≤ α s ≤ 0.293 for all central potentials and 0.190 ≤ α s ≤ 0.448 for the QCD-motivated potentials as shown in Tables I and IV . Here, we have followed most authors in fixing the coupling constant α s (m c ) in reproducing all the spectra, [c.f. e.g. Refs. [1, 4, 8, 9] ), although slight changes are made by other authors [15, 35] . 3 Our results for SAD cb masses together with their lowest S-state splittings for both Schrödinger and Salpeter models are presented in Table II and compared with the other estimates of Refs. [4, 24, 32, 36] . The values of the χ 2 fits are listed in Table II , they show that the Salpeter results yield χ 2 = 447 in the present model and give better agreement with experiment, PDG [30] , than the Schrödinger results of χ 2 = 836. Thus, the χ 2 of the overall fit increases by about a factor 2. Hence, we conclude that extending the contest between the Salpeter equation and Schrödinger's [9] to the charmonium and bottomonium systems provides additional evidence of an experimental signature for the semi-relativistic kinetic energy correction operator (second term) of Eq. (3). We have found that the measured values for the SAD of charmonium and the upsilon system are in better agreement with the Salpeter equation results than the Schrödinger equation results, (cf. e.g. Ref. [9] ) and Table II of the present work, which is the same conclusion reached by Jacobs et al. [37] and Fulcher et al. [4] . Therefore, minimizing the quantity χ 2 is a stringent argument that indicates the accuracy of the semirelativistic model over the previous model [9] . Overmore,
in Table II , we have considered two different fitted sets of parameters for reproducing the cb masses. We noted that the values of quark masses increase if we are allowed to add an additional constant C 0 as given in the potential generality (33) and decrease if we drop it out. Hence, the overall fit increases by nearly a factor 4 in this trend. Table III. The SLNET fine and hyperfine splitting estimations for a group potentials are all fall in the range demonstrated by other authors. Larger discrepancies among the various methods occur for the ground and excited states [6] .
The fitted set of parameters and SAD mass spectrum and their splittings of the Igi-Ono potential [25] labeled by type 1, 2 and 3, are listed in Table IV , V and VI. It is clear that the overall study seems likely to be pretty good and the reproduced fine and hyperfine splittings of the states are also reasonable. Further, it is worthwhile to note that the quark masses m c and m b increase as the values of Λ M S increase. This is explained in the following way. The absolute value of the short-range asymptotic behavior of the potential in Eqs. (45) and (46) decreases with increasing Λ M S . In order to reproduce the SAD masses we need larger quark masses for larger values of Λ M S , (cf. e.g. Table III of Ref. [9] ). Clearly, this is well noted in the m c values.
We have also calculated the predicted cb spectrum obtained from the Chen-Kuang potential in Table VII . We see that for states below the threshold, the deviations of the predicted spectra from the experimental SAD are within several MeV. We find that m c and m b are insensitive to the variation of Λ M S for this potential. The Λ M S dependence of the Chen-Kuang potential is given in Eq. (49). The potential found to be more sensetive especially for the lowest states and found not sensitive for higher states. The effect of Λ M S is clearly on the Coulombic part of Eq. (49).
In requires a very substantial improvement to be sensitive to the bound-state mass differences between the various calculations listed in Table VIII .
We study some properties of the B c system like the pseudoscalar decay constant given by the Van Royen-Weisskopf formula modified for color [4, 38] , that is,
with the nonrelativistic radial wavefunction at the origin [21] |R
Moreover, in Eq. (53), the Salpeter bound-state mass of the low-lying (n = 1, l = 0) pseudoscalar B c -state can be found via
and also the vector B * c -state via
whereas the square-mass difference can be simply found via
Using our estimates of M Bc and M B * c in Table II , we find decay constant for SS and for S models. They are listed in Table IX together with the results of other authors [1, 4, [39] [40] [41] .
All of these results are also in reasonable agreement with the lattice results [5] .
The empirical result obtained by Collins et al. [42] for potential model wave functions at the origin, that is,
provides another touchstone for our numerical work. From charmonium and upsilon calculations, we get wave function at the origin for SS and for S as reported in Table IX which are in excellent agreement with the result of Fulcher [4] , in which |R Bc (0)| 2 ≃ 1.81 GeV 3 .
Moreover, the empirical relationship for the ground state hyperfine splittings, that is, − c Here we cite GKLT in Ref. [32] . 
